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Abstract

The purpose of this note is to provide a short introduction to the stochastic local-
ization technique introduced by [Eld13] and the progress made by [LV19] on the KLLS
conjecture [KL.S95], where this technique plays a central role.

1 Introduction

The Kannan-Lovész-Simonovits (KLS) conjecture says that the Cheeger constant of any
isotropic log-concave distribution on R can be lower bounded by some universal constant.
Formally, for a log-concave distribution v € ., (Rd ) and measurable set A C RY, we define
the surface measure of A as

. v(A: \ A

vt (0A) = limsup w,

e—0+
where A, is the e-neighborhood of A. The Cheeger constant is defined as the minimum of
the ratio between the surface measure and the volume, that is,

. vt(0A)
v A1 = v(A)

oY)

The KLS conjecture can be formally stated as follows.

Conjecture 1.1 (KLS conjecture, [KLS95]). There exists a universal constant ¢ > 0 such
that for any log-concave distribution v € M(R?) with an identity covariance matrix, we
have ¥, > c.
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This conjecture unifies and/or implies many conjectures and results in different areas of
mathematics and computer science including convex geometry, probability and sampling
algorithms. One may refer to [LV18] for a survey on the connection of KLS with other
conjectures and results.

The original bound given by [KLS95] is , = d~'/?. Recently, this bound has been
greatly improved. In [LV19], the author show that ¢, 2 d~'/#, [Che21] improves this bound
to d~°(1), and later on this bound is further improved to poly log d by [KL22]. The central
technique behind these progresses is the stochastic localization, first introduced by Eldan in
[Eld13].

In this note, we will first define stochastic localization and discuss its basic properties
and the general strategy of applying it to the KLS conjecture (cf. Section 2). After that, we
will reproduce the d~'/# bound given by [LV19] in Section 3.

2 Stochastic localization and the reduction

In this section, we define the stochastic localization process and discuss the basic properties
of it. The construction we present here comes from [EAM?22]. After that, we show that in
order to lower bound v, it suffices to upper bound certain covariance matrices along the
stochastic localization process.

2.1 Construction and properties of the stochastic localization

One basic strategy in probability theory is decomposing a distribution v € . (R?) into
simpler components and analyze each of these components. Examples include tensorization
and pinning ([Mon08]). The way stochastic localization decomposes the distribution is
constructing a probability measure-valued process (v;); such that (v;(A)), is a martingale
for every measurable A C R4, and then we can write v = E v, where the expectation is taken
over the randomness of (v;);.

Formally, let X ~ v and (W), be an independent Brownian motion. For ¢ > 0, we set

Y, =tX+W,
and let v, be the conditional distribution of X given the value of ;. That is,
vi(t) =P[X e-|Y].

Clear that (v;), is a martingale with vy = v. Moreover, note that ¥;|X ~ N(¢X,t). Hence,
by Bayes’ rule, we have

vi(dx) o exp (—2% I - rxn%) () o exp (Y x) = 2 Il1?) v(), @)

In particular, this equation implies that when v is log-concave, v; will be #-strongly log-
concave. This observation is important when applying stochastic localization to the KLS
conjecture. Now, we write down the SDE that controls the evolution of v;.
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Lemma 2.1 (Theorem 2 of [EAM22]). Let F;(x) := v;(dx)/v(dx). Then, there exists a
standard Brownian motion B such that, for every x € R,

F()(X) = 1, dF;(X) = F[()C) <x — dy, dB[> . (3)
where a; = / xv;(dx) is the center of mass of v;.

Remark. (3) is how stochastic localization was originally defined. Intuitively, it means at
each step, we tilt the distribution via a random linear function. *

Proof. Write F;(dx) = Zi, exp ((Yt, x)—% ||x||2), where Z; is the normalizing constant. We
have |
dlog F;(x) = (d¥;,x) - 5 lx||? dt — dlog Z;.

First, consider the normalizing constant. We have
4 2
4z, =d [ exp ((%x) - 2 Iwll?) v(av)
_ AP dt ., 1
= [ exp (o) - 5 )(<dYt,x> >l + 5LV, 01| v(do)
! 2
- (ay,, xexp(<y,,x>—§||x|| )v(dx)

=Z,{dY;, a;) .

Hence,
dz, 1d[Z];
dlogZ, = — — =
0g 44 Z 3 th

1
= (d¥a) - 5 lla P dr.
Thus, for log F;(x), we have
1 2 1 2
dlog Fy(x) = (d¥;, x) — > ||| de — (dY;, a;) + > lla.||” dz
1
=(dY; —a,dt,x —a;) — 5 llx — at”z-
Then, we compute

dF;(x) = dexp(log F;(x)) = F;(x) (d log F;(x) + %d[log F. (x)],)

= Ft(x) (d lOg Ft(X) + % ”-x - at”z)

= Fi(x) (x — a;,dY; — a,dr) .



To complete the proof, put M; =Y; — /Ot a,du and note that for any s < ¢,

E[Mt | 7_;] =M;+E

t
Y,—Ys—/ E[X|F,]du

g

t
_ M, +E[Y, | 7] -7, —/ E[X|7]du
=M;+E[sX+W,+(t—-95)X|Fs] =Y — (t = s)ay = M,

Therefore, M is a martingale with quadratic variation [M ], = t. Thus, by Lévy’s character-
ization, it is a Brownian motion. O

2.2 Reducing the problem to estimating the covariance matrix

In this subsection, we show that in order to lower bound the Cheeger constant, it suffices
to upper bound E fot ||ICov(vy)|lop ds. The presentation here mostly follows Section 4.2 of
[E1d23].

Recall that (2) implies that if v is log-concave, then v, is a f-strongly log-concave
distribution, which is known to have a dimension-independent Cheeger constant (cf. Theo-
rem 2.2). Hence, we can apply Theorem 2.2 to v; and bound the difference between v and
v, using the SDE formulation (3) of (v;);.

Theorem 2.2 ([BL96)). If u € 4, (R?) is a-strongly log-concave for some a > 0, then, for
any measurable A c R?, we have

©H(04) = Vau(A) (1 - u(A)).
Let M, := v;(A). Using the martingale property of (v;);, we can write

vH(0A) = Ev[(0A) = VIE[v,(A)(1 - v/(A))]

4
= Vi (v(A)(1 - v(A)) - Var M,). @

As a result, it suffices to upper bound Var M;, which is equal to E[M],, where ([M];);
denotes the quadratic variation of M. This can be done using (3). Formally, we have the
following lemma.

Lemma 2.3. Let v € M1 (RY) be a log-concave distribution and (v;); the associated
stochastic localization process. Suppose that for some t > 0 and a € (0, 1/8], we have

E‘/Ot |Cov(vy)llopds < a. 5)
Then, we have, for any A with v(A)(1 —v(A)) > 2a, we have
vH(AA) > %\/;V(A)(l - v(A)).
Moreover, under mild regularity conditions on v, this implies , > \t/2.
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Remark. With this lemma, our goal becomes choosing a ¢ as large as possible, without
violating (5). &

Proof. By (3), we have dM, = fA (x = a;,dBy) v,(dx). Therefore,

2
dts/nx—a,u%vt(dx)dt
2

d[M], = H /A (x = avi(dv)

= sup ‘/(x—at,e)zvt(dx)dt
fesd-1

= sup 67 (/ (x —a;)(x —a;) " v:(dx) | 6dr

feSd-1
= [|Cov(v;)llop dt.

Integrate both sides from O to ¢, take expectation, and we obtain

t
E[M]; < E/ |Cov(vs)|lopds < a.
0

Combining these with (4), we get

V@A) 2 VT (A1 = v(A) ~ @) 2 VWA = v(A),

for any A with v(A)(1 —v(A)) > 2a > 1/4. By Theorem 25 of [LV19] (or Theorem 1.8 of
[Mil09]), under mild regularity conditions on v, this implies ,, > V1/2. O

In [LV19], a variant of the above lemma is given, in which (5) is replaced by a probability
bound. This version allows us to focus on part of the probability space and ignore certain
potential bad cases.

Lemma 2.4. Under mild regularity conditions on v, if for some t > 0, we have

! 1 3
P C s ds<—| 2> -, 6
[ icovtmlionas < | > 5 ©
then we have r,, > V.
Proof. Following the calculation in (4), we have
t |1 3
v (0A) = VEE [vi(A)(1 = v(A))] > 1/—6—19 7 Svi(4) < Z] : (7

By Theorem 1.8 of [Mil09], it suffices to consider the case where My = v(A) = 1/2.
By the Dambis-Dubins-Schwarz theorem, there exists a Brownian motion B such that



M; - My = E[ M],- Meanwhile, for the quadratic variation of M, by the proof of Lemma 2.3,
we have d[M]; < ||Cov(v;)||op dt. Thus,

—_—

P

411 <n(A) < 3] [|B

o

1
> I—P[max |By| > -
s<1/64 4

\%

- 1
1—4P[Bl/64 > Z -

9 1
> — — > —
=70 P[[M],_ 64]’

where the second inequality comes from the reflection principle of Brownian motion and
the last from the concentration of Gaussian distribution. Combine this with (7) and condi-
tion (6), and we get

S Ve (9 1
((?A)21—6(10—P[[M]z26—4)
Z%( [/ ||COVV||OPdS_614)>\/;.

3 Lee and Vempala’s bound on the covariance matrix

For notational simplicity, let A; := Cov(v;). Instead of controlling ||A;||op, We consider the
Tr(A?). This function, unlike ||A, ||(2)P, is smooth in A;, and we have

t t
/ |Asllopds < / \Tr(A2)ds <t | max Tr(A2).
0 0 s€[0,¢]

For the dynamics of A, and Tr(A,z), we have the following lemmas, both of which follow
from standard stochastic calculus and the proofs are deferred to the end of this section.

Lemma 3.1 (Dynamics of A;). We have
dA, = /(x —a)(x—a)T (x —a;,dB,;) v,(dx) — A%dr.

Lemma 3.2 (Dynamics of Tr(A?)). We have

dTrAt2 =2 [/ (A;(x —a;),x —a;) (x —a;)v,(dx)| dB;
- 2Tr(Af)dt + // (x = az,y — a;)® vi(dx)v,(dy)dt
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To proceed, we upper bound the RHS using Tr A? and apply Gronwall’s lemma. Since
A; > 0, it suffices to consider the first and third terms on the RHS!. For the last term, we
have the following general bound.

Lemma 3.3. For any log-concave distribution u with mean a and covariance matrix A, we
have

// [(x —a,y - @)’ p(do)u(dy) < Tr(A%)*>.

Proof. Assume w.l.o.g. that a = 0. For fix x and random y ~ u, (x, y) is also log-concave
and therefore, by Theorem 5.22 of [LVO07], we have

/ | () Pu(dy) s ( / (x,y>2,u(dy))3/2 = HAl/szz.

Therefore, we have

[ 1= ey - aF u@oua < [ a2 uceo

) 3/2
< ( / HAl/szz,u(dX)) = Tr(42)32,

where the second inequality comes from the Jensen’s inequality. [
For the first term, we have the following bound on the coeflicient.

Lemma 3.4. Put v, := f (Ar(x —ap),x —az) (x —ay)vi(dx). We have ||v;||5 < Tr(AtZ)S/“.

Proof. Let A, = Y4 i_; Aiv;v] be the spectral decomposition of A;. For notational simplicity,

1/2

also define w; = A,""v; and =A, 1/z(x a;). Then, we can write

d d
Vi = ;Ai/ (vi,x = ag)* (x = a;)vy(dx) = Zl/lix»lv%, [<Wi’y>2 (x — a,)] :

Then, we compute

vl = sup (v,€) = sup Za E [(wiy)* (€ - ap)]

£esd-l £esd-17 3
d
< sup Z \/E (wl-,y)4\/E (g,x—a;)z.
£esd-1 =1 X~Vi X~Vi

1One may attempt to take expectation on both sides to get rid of the first term and use Lemma 2.3.
Unfortunately, this strategy will not work smoothly since the bound we will obtain for the third term is
Tr(A2)2. When we take expectation, it becomes 4 ETr A? < E(Tr A?)*/2 and there is no easy way to move
the 3/2 exponent out of the expectation.



For the second expectation, we have E,.,, (¢£,x — a;)? = ETAE < |A¢|lop- For the first
expectation, note that (w;, y) follows a log-concave distribution, whence again by Theorem

2
5.22 of [LVO7], we have E,.,, (w,-,y)4 < (Exwvt (wi,y)z) . Therefore, we have

d d
1/2 1/2
Ivell < llAllgp D4 B (wiy)* = l1Allgy )4 E (viox —ar)?
i=1 ' i=1 !

d
SVAES Z A Te(A oAl
i=1
1/2
= l|Allgp Tr(A7).
To complete the proof, it suffices to note that ||A||é)/P2 < Tr(A,z)l/ 4, O

Theorem 3.5 (Theorem 12 of [LV19]). For any isotropic log-concave distribution v, ¥, >
~1/4
n—

Proof. For notational simplicity, put ® = Tr(A?). By Lemma 3.2, Lemma 3.3 and
Lemma 3.4, we have
dd, < ®*dr +v] dB,

By Lemma 3.4, the third should approximately be “CDtS/ 4|dB,| r CI)f/ 4\/?”. This suggests
the choice of 1 ~ 1/4/®@y = 1/Vd. Now, to decouple these two terms, consider f(¢) =
—(¢+d)~%, where @ > 0is a parameter to be determined later. We have f”(¢) = 0(¢+d)~9~!
and f”(¢) = —6(6 + 1)(¢ + d)~2. Hence, by Itd’s formula, we have

o 006 +1 L
af () = 0, + ) ad, - 20D (o, 1 ayo2a(w),
oy @, irag VI9B 00+ D) vl
T (D, + d)o! (®; + d)f+! 2 (®; + d)f+2
.y @2 60+ @2 o yTdB,
(@ +d)o 2 (D, +d)*2 (D, + d)0+1"

Choose 8 = 0.5 so that the coefficient of the first two terms become constants. Then, we

have
v, dB;

(D5 +d)t>

for some constant C > 0. Now, we bound the probability that the martingale N is large.
The proof is similar to the one of Lemma 2.4. For the martingale N, we have

F(®0) = F(®0) < Cr + /0 ’ -~

2 2.5
o
d[N]; = el < ! < —1 .

(®;+d)3 = (D, +d)? ~ 4



Also, by the Dambis-Dubins-Schwarz theorem, there exists some Brownian motion B such

that N; = B|yj,. Therefore, for any y > 0 and some universal constant C; > 0,

y2Vd
2Cqt

P[maXNz ]SP max B, > §2P(§ > )§2ex
s<t ! Y (ssclt/\/ﬁ § 7) ciNd =Y p

In other words, with probability at least 1 — 2 exp (— 72281/;;), we have

f(D)) < f(Dg)+Ct+y = —\/%+Ct+)/.

Choose y = %. Then, note that we can choose t = c¢/Vd for some sufficiently small
constant ¢ > 0 such that
1 11
- = f(®;) £ ———= forall s < ¢ with probability at least 0.99.

This implies that P[max, _, Nd Tr(A?) < 7d] > 0.99. As aresult, for some potential smaller
¢ > 0, we have

c/Vd 1
Agllopds £ —
[ adovas < o

P >P

C
Vd \ se[0.c/Vd] - o4

Thus, by Lemma 2.4, we have ¥, > d-1/4, OJ

1 3
max Tr(A2) < —] > T

Deferred proofs

Proof of Lemma 3.1. Recall that A, = [ (x — a,)(x — a;) Tv,(dx). First, for a,, we have
da, = /xdFt(x)v(dx) - /x (x — ar, dBy) v (dx)
- (/ x(x - a,)Tv,(dx)) dB, = AdB,.
Then, we compute
dA, =d / (x — ) (x — a;) T Fy(x)v(dx)
= —da, / (x — a,)TFy(x)v(dx) - / (x — a,) Fy (x)v(dx)(da,) T
+ /(x —a;)(x — a,) TdF,(x)v(dx) +d[a.,a], / Fy(x)v(dx)
- /(x —a;)d[a., F.(x)]Tv(dx) — / da., F.(x)];(x — ay) Tv(dx).



Note that the first two terms are 0. For the second line, we have

/(x —ay)(x — a;) "dF;(x)v(dx) = /(x —a)(x—a;)" {x —a;,dB;) v;(dx),
and for each i, j € [d],
dlai, a;], = (A, A;) dt = [A7]; ;dt.
For the last two terms, note that
/(x —ay)d[a., F.(x)]] v(dx) = /(x —a;)(x —a;) " A dtv(dx) = A,Zdt.

Combine these together and we complete the proof. [

Proof of Lemma 3.2. First, we compute the first and second order derivatives of ®(A) =
Tr(A?). Let A be a perturbation with the same shape of A. We have

D(A+A) =Tr((A+A)?) =Tr(A%) + 2 Tr(AA) + Tr(A?).

Hence, we first and second differentials are ®"(A)[A] = 2Tr(AA) and ®”(A)[A}, Az] =
2Tr(A1Az). Then, by Itd’s formula and Lemma 3.1, we have

1
dTr(A2) = 2 Tr(AdA,) + 5 > dlAig, Al
i.jeld]

The first term is equal to
2Tr(A,dA)) = 2/ (Ay(x —ay), (x —ay)) {(x —a;,dB;) v,(dx) — 2Tr(A?)dt.
For the second term, note that
ALy = [ (= aite - o - andB) vi(do) - (42,
and therefore,
Z d[Ai,_j9 Aj,l']t
i,j
= 3 [ ant = - anity - @, - any - @ @y ay)ar
i,j

- / (x = ar,y — @) vi(de) v, (dy)dr.

Combine these together, and we complete the proof. 0
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